This paper is concerned with a weakly coupled system of quasilinear parabolic equations where the coefficients are allowed to be discontinuous and the reaction functions may depend on continuous delays. By the method of upper and lower solutions and the associated monotone iterations and by difference ratios method and various estimates, we obtained the existence and uniqueness of the global piecewise classical solutions under certain conditions including mixed quasimonotone property of reaction functions. Applications are given to three 2-species VolterraLotka models with discontinuous coefficients and continuous delays.
Introduction
Reaction-diffusion equations with time delays have been studied by many researchers see 1-8 and references therein . However, all of the discussions in the literature are devoted to the equations with continuous coefficients. In this paper, we consider a weakly coupled system of quasilinear parabolic equations where the coefficients are allowed to be discontinuous and the reaction functions may depend on continuous infinite or finite delays.
To describe the problem, we first introduce some notations. Let Ω be a bounded domain with the boundary ∂Ω in R n n ≥ 1 . Suppose that Ω consists of a finite number of domains Ω k k 1, . . . , K separated by Γ k , where Γ k , k 1, . . . , K , are surfaces which do not intersect with each other and with ∂Ω. Γ : ∪Γ k and − → n is the normal to Γ. N 0 is a nonnegative integer, and r l , l N 0 1, . . . , N, are positive constants. The equations with discontinuous coefficients have been investigated extensively in the literature see 9-16 and references therein . However, the discussions in these literature are devoted either to scalar equations without time delays or to coupled system of equations without time delays and with the restrictive conditions that the principal parts are the same and the convection functions b l x, t, u, u l x satisfy see 16
. . , N.
1.5
In this paper we will extend the method of upper and lower solutions and the monotone iteration scheme to reaction-diffusion system with discontinuous coefficients and continuous delays and use these methods and the results of 15, 16 to prove the existence and uniqueness of the piecewise classical solutions for 1.1 under hypothesis H in Section 2. This paper is organized as follows. In the next section we will prove a weak comparison principle and construct two monotone sequences. Section 3 is devoted to Advances in Difference Equations 3 investigate the uniform estimates of the sequences. In Section 4 we prove the existence and uniqueness of the piecewise classical solutions for 1.1 . Applications of these results are given in Section 5 to three 2-species Volterra-Lotka models with discontinuous coefficients and continuous delays.
Two Monotone Sequences
The aim of this section is to prove a weak comparison principle and construct two monotone sequences. In Section 4 we will show that these sequences converge to the unique solution of 1.1 .
The Definitions, Hypotheses, and Weak Comparison Principle
In all that follows, pairs of indices i or j imply a summation from 1 to n. The symbol Ω ⊂⊂ Ω means that Ω ⊂ Ω and dist Ω , ∂Ω > 0. For any T > 0, we set
Let |u| : 
2.2
In Section 3 the same notations are also used to denote the spaces of the vector functions with 2N-components. Similar notations are used for other function spaces and other domains.
vi The following compatibility conditions hold:
6 Advances in Difference Equations
The weak upper and lower solutions u, u in hypothesis H -ii will be used as the initial iterations to construct two monotone convergent sequences.
. . , n; and for any given k, k 1, . . . , K, and any given Ω ⊂⊂ Ω k and t ∈ 0, T , there exists α ∈ 0, 1 such
. . , N, and if ii u satisfies pointwise the equations in 1.1 for x, t ∈ D k,T , k 1, . . . , K, and satisfies pointwise the inner boundary conditions in 1.1 on Γ T , the parabolic conditions on S T , and the initial conditions
To construct the monotone sequences, we next prove the weak comparison principle.
Lemma 2.4. Let functions
a l ij x, t, u l , b l j x, t, u l , l 1, . .
. , N, satisfy the conditions in hypothesis (H).
i Assume that
. , N, and the vector function
q ·, Y, Z q 1 ·, Y, Z , . . . , q N ·, Y, Z is mixed quasimonotone in S × S * . If v, u ∈ C D T ∩ W 1,1
∞ D T ∩ S and if
H l τ; v, η − D τ q l x, t, v l , v a l , u b l , J * v c l , J * u d l η l dx dt ≤ H l τ; u, η − D τ q l x, t, u l , u a l , v b l , J * u c l , J * v d l η l dx dt, v l x, t ≤ u l x, t x, t ∈ S T , v l x, t u l x, t ψ l x, t x, t ∈ Q l 0 , l 1, . . . , N,
for any nonnegative bounded vector function
η η 1 , . . . , η N ∈ • W 1,1 2 D T and any τ ∈ 0, T , then v ≤ u for x, t ∈ D T . ii If v, u ∈ C D T ∩ W 1,1 ∞ D T and if H l τ; v, η D τ e l x, t v l η l dx dt ≤ H l τ; u, η D τ e l x, t u l η l dx dt, v l x, t ≤ u l x, t x, t ∈ S T , v l x, 0 ≤ u l x, 0 x ∈ Ω , l 1, . . . , N,
2.17
for any nonnegative bounded vector function η ∈
Proof. We first prove part i of the lemma. Let w v − u, w
where
Here and below in this section, C · · · denotes the constant depending only on μ 1 , μ 2 , and the quantities appearing 
and by 2.5 , 2.9 , 2.10 , and Cauchy's inequality, we have that
where 
2.24
Hence, we deduce the relation w ≡ 0 from this inequality with the use of Gronwall inequality. Then, v ≤ u in D T , and the proof of part i of the lemma is completed. The similar argument gives the proof of part ii of the lemma.
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Construction of Monotone Sequences
In this subsection, we construct the monotone sequences. By hypothesis H -iii , for each l 1, . . . , N, there exists
2.26
Since
It is obvious that the following problem is equivalent to 1.1 :
2.28
We construct two sequences {u m }, {u m } from the iteration process 
2.30
and the monotone property
Proof. Let 
2.36
Note that u 1 x, t u 1 x, t ≤ u x, t for x, t ∈ S T ∪ { x, t : x ∈ Ω, t 0}. It follows from part ii of Lemma 2.4 that 
2.38
Since 
Uniform Estimates of {u m }, {u m }
To prove the existence of solutions to 1.1 , in this section, we show the uniform estimates of {u m }, {u m }.
Preliminaries
In this section we introduce more notations. Let
is an arbitrary open ball of radius ρ with center at x 0 , and Q ρ is an arbitrary cylinder of the form 
3.2
Consider the equalities
From the formula of integration by parts, we see that
3.3
Similarly, for any φ φ x φ 1 , . . . , φ 2N ∈
• W 1 2 Ω and for every t ∈ 0, T , we get 
Uniform Estimates of
U l m C α 1 ,α 1 /2 D T , U l mx L 2 D TU l m C α 1 ,α 1 /2 D T ≤ C, 0 < α 1 < 1, 3.5 U l mx L 2 D T ≤ C,Q ρ , Q ρ ∩D T U l mx 2 ζ 2 dx dt ≤ Cρ α 1 Q ρ ∩D T |ζ x | 2 1 U l mt ζ 2 dx dt, l 1, . . . , 2N, m 1, 2, . . . .
3.9
and, for any bounded function λ λ x ∈ • W 1 2 K ρ and for every t ∈ 0, T , 
Uniform Estimates on Ω × 0, T
The bounds in this subsection will be of a local nature. By hypothesis H -i for any given point x 0 ∈ Γ there exists a ball K ρ with center at x 0 such that we can straighten Γ ∩ K ρ out introducing new nondegenerate coordinates y y x possessing bounded first and second Advances in Difference Equations 15 derivatives with respect to x. It is possible to divide Γ into a finite number of pieces and introduce for each of them coordinates y see 11, Chapter 3, Section 16 . Therefore, without loss of generality we assume that the interface Γ lies in the plane x n 0.
In 15 , Tan and Leng investigate the Hölder estimates for the first derivatives of the generalized solution u for one parabolic equation with discontinuous coefficients and without time delays. The estimates u x j C α Ω ∩Ω k × t ,T , u t C α Ω × t ,T in 15 depend on max t ,T u t L q/2 Ω u t L 2 Ω for some q > n, where Ω ⊂⊂ Ω, 0 < t < T. The results of 15 can not be used directly in this paper, but, by a slight modification, the methods and the framework of 15 can be used to obtain the uniform estimates of U l mx j C α Ω ∩Ω k × 0,T , U l mt C α Ω × 0,T in this subsection. We omit most of the detailed proofs and only sketch the main steps. The main changes in the derivations are the following: i 15, formulas 2.7 and 4.2 are replaced by 3.9 and 3.10 , respectively; ii the estimates in this subsection are on Ω × 0, T , while the estimates in 15 are on Ω × t , T ; iii the behavior of the reaction functions with continuous delays requires special considerations. 
